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Abstract. In the present paper, we prove that Z−contractions and
weakly type contractions are actually Meir-Keeler contractions.
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Let (X, d) be a metric space and T : X → X be a mapping. T is called
a Banach contraction on X if there exist λ ∈ [0, 1) so that
d(Tx, Ty) ≤ λd(x, y), for all x, y ∈ X.
S. Banach proved in [2] that T has a unique fixed point u in X and
for every x0 ∈ X the Picard sequence {xn}, where xn = Txn−1, for all
n ∈ N, converges to the fixed point of T. After this result, a large number of
generalizations were obtained. See, for example, the book of I.A. Rus et al.
[8] and the articles [3] and [7].
Definition 1 We say that T is a Meir-Keeler contraction if given an ε > 0,
there exists δ > 0 such that
ε ≤ d(x, y) < ε+ δ implies d(Tx, Ty) < ε,
for all x, y ∈ X.
In [6] it is proved the following Theorem.
Theorem 1 Let (X, d) be a complete metric space and T be a Meir-Keeler
contraction. Then T has a unique fixed point u and the Picard sequence
xn = Txn−1 converges to the fixed point of T .
In [5], the authors introduced a new class of contractions, called Z−contractions.
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Definition 2 A mapping ζ : [0,∞) × [0,∞) → R is called a simulation
function if it satisfies the following conditions
i) ζ(0, 0) = 0;
ii) ζ(t, s) < s− t, for all t, s > 0;
iii) if {tn}, {sn} are sequences in (0,∞) such that lim
n→∞
tn = lim
n→∞
sn > 0
then lim sup
n→∞
ζ(tn, sn) < 0
We denote by Z the set of all simulation functions.
Definition 3 T is called a Z-contraction if
ζ(d(Tx, Ty), d(x, y))≥ 0, for all x, y ∈ X.
The authors of the paper [5] proved the following Theorem.
Theorem 2 Let (X, d) be a complete metric space and T a Z-contraction.
Then T has a unique fixed point u and the Picard sequence xn = Txn−1
converges to u.
We prove that the above result is follows from the following Theorem.
Theorem 3 A Z-contraction is a Meir-Keeler contraction contraction.
Proof. Let be T : X → X a Z-contraction. We suppose that T is not a
Meir-Keeler. Then there is ε0 > 0 so that for any δ > 0 there is xδ, yδ ∈ X
so that
ε0 ≤ d(xδ, yδ) < ε0 + δ (1)
and
d(Txδ, T yδ) ≥ ε0. (2)
We take δ =
1
n
, n ≥ 1 natural number. It follows that there are two sequences
{xn}, {yn} ⊂ X so that
d(xn, yn) ≥ ε0, n ≥ 1 and lim
n→∞
d(xn, yn) = ε0 (3)
and
d(Txn, T yn) ≥ ε0. (4)
Since T is a Z−contraction, there is ζ a simulation function so that
0 ≤ ζ(d(Txn, T yn), d(xn, yn)). (5)
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From (4), (5)and the condition ii) in Definition 2 it follows
0 ≤ ζ(d(Txn, T yn), d(xn, yn)) < d(xn, yn)− d(Txn, T yn) ≤ d(xn, yn)− ε0.
It follows
lim
n→∞
ζ(d(Txn, T yn), d(xn, yn)) = 0 (6)
But ε0 ≤ d(Txn, T yn) < d(xn, yn) − ζ(d(Txn, T yn), d(xn, yn)) witch implies
lim
n→∞
d(Txn, T yn) = ε0.
From condition iii) in Definition 2 we have
lim sup
n→∞
ζ(d(Txn, T yn), d(xn, yn)) < 0
in contradiction with relation (6).
The next result generalizes the main results from [4] and [7]. See [1].
Theorem 4 Let (X, d) be a complete metric space and T : X → X be such
that
ψ(d(Tx, Ty)) ≤ α(d(x, y))− β(d(x, y)), (7)
for all x, y ∈ X, where ψ, α, β : [0,∞)→ [0,∞) are such that ψ is continuous
and non-decreasing, α is continuous, β is lower semi-continuous,
ψ(t) = 0 if and only if t = 0, α(0) = β(0) = 0, (8)
and
ψ(t)− α(t) + β(t) > 0 for all t > 0. (9)
Then T has a unique fixed point.
We consider the following generalization of contractions.
Definition 4 Let (X, d) be a complete metric space and T : X → X be such
that
ψ(d(Tx, Ty)) ≤ α(d(x, y))− β(d(x, y)),
for all x, y ∈ X, where ψ, α, β : [0,∞) → [0,∞) are such that ψ is non-
decreasing, α is continuous, β is lower semi-continuous, and
ψ(t)− α(t) + β(t) > 0 for all t > 0.
Then we say that T is a weakly type contraction.
Theorem 5 If T is a weakly type contraction, then T is a Meir-Keeler con-
traction.
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Proof. We suppose that T is not a Meir-Keeler contraction. Then there
exists ε0 > 0 and two sequences {xn}, {yn} ⊂ X such that
ε0 ≤ d(xn, yn) < ε0 +
1
n
and
d(Txn, T yn) ≥ ε0, n ≥ 1.
We have Ψ(d(Txn, T yn)) ≥ Ψ(ε0) and Ψ(d(Txn, T yn)) ≤ α(d(xn, yn)) −
β(d(xn, yn)). It follows
Ψ(ε0) ≤ α(d(xn, yn))− β(d(xn, yn))
or
β(d(xn, yn)) ≤ α(d(xn, yn))−Ψ(ε0).
Using the continuity of α, we have
lim inf
n→∞
β(d(xn, yn)) ≤ α(ε0)−Ψ(ε0)
Since β lower semi-continuous, it follows β(ε0) ≤ α(ε0) − Ψ(ε0), in contra-
diction with the hypothesis. By Theorem 1 and Theorem 5, we have the
following Corollary:
Corollary 1 Let (X, d) be a complete metric space and T be a weakly type
contraction. Then T has a unique fixed point u and the Picard sequence
xn = Txn−1 converges to the fixed point of T .
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